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Abstract: In this paper impulsive functional differential equations are proposed to model
price shocks in the case of continuous time representation in single commodity markets. The
impulses are realized at fixed moments of time. Sufficient conditions for stability of solutions
are investigated. The main results are obtained by using the Lyapunov method.
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1. Introduction

First, in a single good market, there are three variables: the quantity demanded ¢, , the
quantity supplied ¢, and its price p. The equilibrium is attained when the excess demand is
zero,q, —q, =0, that is, the market is cleared. But generally, the market is not in equilibrium
and at an initial time ¢ the price p, is not at the equilibrium value p, thatis, p, # p. In such
a situation the variables g, , g,and p must change over time and are considered as functions
of time. The dynamic question is: given sufficient time, how has the adjustment process
p(t)—> p,as t > o to be described?

The dynamic process of attaining an equilibrium in a single good market model is
tentatively described by differential equations, on the basis of considerations on price changes,
governing the relative strength of the demand and supply forces. In a first approach and for the
sake of simplicity, the rate of price change with respect to time is assumed to be proportional to
the excess demand ¢, — g, . Moreover, definitive relationships between the market price p of
a commodity, the quantity demanded and the quantity supplied are assumed to exist. These
relationships are called the demand curve and the supply curve, occasionally modeled by a
demand function g, =q,(p)or a supply function g, = g,(p), both dependant of the price
variable p. In the case where the rate of price change with respect to time is assumed to be
proportional to the excess demand, the differential equation belongs to the class
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(L.1) %p(r) = £ (g (P (D)

of differential equations. The question that arises is about the nature of the time path p(¢),
resulting from equation (1.1).

2. The Model Description. Preliminaries
Many authors precisely considered the model (1.1) and its generalizations in order to
study the dynamics of the prices, production and consumption for a particular commodity (see
[7] and the references cited therein).
In [4] Muresan studied a special case of a fluctuation model for the price with delay
7 >0 of the form

@.1) p(r){ a____lt-r) Jp(o
b+p"(t) d+p"(t-1)

where a,b,c,d,m>0, ne[l,0) and proved that there exists a positive, bounded, unique

solution.

Rus and Iancu [5] generalized the model (2.1) and studied a model of the form
{z’a(t) =F(p(), p(t = 1)) p(0), 1>0,

pt)=o¢(0), te[-7,0].

They proved the existence and uniqueness of the equilibrium solution of the model
considered and established some relations between this solution and coincidence points.

An empirical time series analysis [2] of German macroeconomic data emphasized to
model capital intensity, subject to short-term perturbations at certain moments of time. Then it
is not reasonable to expect a regular solution of the equation (2.2). Instead, the solution must
have some jumps and the jumps follow a specific pattern.

In the long-term planning an adequate mathematical model of this case will be the
following impulsive functional differential equation:

2.2)

23) { P@O=F(p@).p,) p(0). t#1;, t>1,
Ap(t))=pt; +0) = p()=F(p (), i=12,..,
where t) e R, ; t, <t <t,<.., limt; =o00; Q be a domain in R, containing the origin;
1—©

F:Qx PC[[-7,0],Q]—>R; P:Q—>R, i=12,. are functions which characterize the
magnitude of the impulse effect at the times ¢,; p(¢;) and p(¢; + 0) are respectively the price
levels before and after the impulse effects at ¢, and for ¢ >¢,, p, € PC[[-7,0],Q] is defined
by p,(s)=pt+s), —T<s<0.

We will note that the theory of impulsive differential equation is very well developed [1]. Also,

at the present time the qualitative theory of impulsive functional differential equations
undergoes rapid development. See, for example [6] and the references therein.

3. Main Results
Let py € BC[[-7,0],€2] . Denote by p(t;t,, py) , the solution of equation (2.3), satistying
the initial conditions
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(3.1) {P(f) =pot—1ty), telty—1,8],

p(ty +0) = py(0),
J (ty,py) - the maximal interval of type [ty,/) in which the solution p(t;,,p,) is
defined, and by | p, |, = [rnax ]| po (t—ty) |- the norm of the function p, € BC[[-7,0],€2].
telt,~1,t,
Introduce the following conditions:

H3.1. The function F is continuous on Q x PC[[-7,0],Q].
H3.2. The function F is locally Lipschitz continuous with respect to its second argument
on Qx PC[[-7,0],Q].
H3.3. There exists a constant M >0 such that
|F(p,p,)| <M <o for (p,p,)e QxPC[[-1,0],Q].
H3.4. P, eC[Q,R],i=12,..
H3.5. The functions (I' + P):Q—>Q, i=1,2,.., where I' is the identity in Q.

H3.6. 1, <t; <...<t; <t;,; <... and lim¢; = o0
i—>ow

Let p, € BC[[-7,0],Q2]. Denote by p*(t) = p*(t;to, p,) the solution of equation (2.3),
satisfying the initial conditions
{p*(r)=p1<r—ro>, telty =710,
Pty +0) = py(0).
Definition 3.1. The solution p* (¢) of equation (2.3) is said to be:
(a) stable, if
(Vty €eR) (Ve>0) (38=0(t),e)>0)
(Vpo € B[-7,01,Q]: [ po — p1 |, <6)
| P9, )= p (G519, p1) | <85
(b) uniformly stable, if the number & from (a) is independent of ¢z, € R ;
(¢) attractive, if
(Vig e R) (3A>0) (Vpy € B([-r0],Q]: | po—pi [ <4)
lim p(t;t0, po) = p (1340, P1)
(d) uniformly attractive, if
F3A>0) (Ve>0) @AT=T(g)>0)
(Vpo € BA[-10LQ1: | po—pi | <A) (Vi €R)
(Vezty+T): | pltsty, po)=p (tg, py)|< &5

(e) asymptotically stable, if it is stable and attractive;
(f) uniformly asymptotically stable, if it is uniformly stable and uniformly attractive.

Define the class V|, of all piecewise continuous functions V :[¢,,00)x Q — R, which are
locally Lipschitz continuous with respect to its second argument for ¢ #¢;,i =1,2,..., there exist
the finite limits

limV (¢, p)=V(t, -0,p), limV (¢, p)=V(t;, +0,p)
tjt' t:),t'

47



BCY Me:xnynapoana koHngepenuus - 2010

and V(t;,,p)=V(t; —0,p) for i=12,....
For t#t¢;,i=12,..and V eV, define
DV (t, p(1)) = lim Sup%[V(t +h, p(t+ )=V (¢, p(1))].

h—0'
In our subsequent analysis, we shall use the class V), of functions for which:

H3.7. V(t,p (£)=0, t>1,
and the following class of functions:
Q, ={pePC[[ty),»), Q]: V(s,p(s))<V(t,p(t), t —T<s<t, ¢ Zto}.

Theorem 3.1 Assume that:

1. Conditions H3.1-H3.7 hold.
2. There exist functions V €V, and a € K such that

a(|p-p DSV (t.p)  (t.p)elty.?)xQ,
Vit+0,p+P(p)<V(t,p), peQ, t=t,i=12,..
and the inequality
DV(t,p(t)<0, t+#t, i=12,.
is valid fort €[t,,©), p Q.

Then the solution p*(t) of equation (2.3) is stable.
Theorem 3.2. Let the conditions of Theorem 3.1 hold, and a function b € K exists such that

Vit,p)<b(lp—p @), (t p)elty,©)xQ.

Then the solution p*(t) of equation (2.3) is uniformly stable.

Theorem 3.3. Assume that:
1. Conditions H3.1-H3.7 hold.
2. There exist functions V €V, and a,b,c € K such that

a(lp-p OD<VE.p)<b(p-p O, (t.p)elty,»)xQ,
Vit+0,p+P(p)<V(t,p), peQy, t=1t;,i=12,...
and the inequality
DVt pt) < —c(|p()-p (@), t#t;, i=12,.
is valid fort €[t,,©), p Q.
Then the solution p*(t) of equation (2.3) is uniformly asymptotically stable.

4. An Example
Let for @, b, ¢, d>0, a linear demand function g, =a—bp and a linear supply

function g, =—c + dp are given and the function f'=a(q; —¢q,), a >0. They can be put into

—(b+d)J,

a+c

(1.1), giving the linear non homogenous differential equation — p(t)=a(
p

corresponding to a special type of the differential equation (1.1). Its complementary and
particular solutions are immediate.
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Mackey and Belair [3] studied the asymptotic behavior of the solutions of the equation

) a+c pt—o(1))
= -b-d ,
P 0{ p@) p() }p(t)

where 0 <o (¢) <7 and 7 is a constant.

If at the moments ¢,1,,... (¢, <t; <t, <...,lim¢; =00 ) the above equation is subject to
i—00

impulsive perturbations then the adequate mathematical model is the following impulsive
equation

. a+c p(t—o(t))
- _p_g PO

PO 0{ (1) )
a—+c

Ap(t;))=p(t; +0)—p(z;) =_5i(p(ti)__ja i=12,.,

}p@)t¢q,t>%,
4.1)

b+d

where ¢, e R, , p(t) represents the price at the moment ¢, 6, € R are constants, i =1, 2,....

It is easy to verify that the point p* = Z +; is an equilibrium of (4.1).
+

We shall show that, if there exists a constant 8 > 0 such that d <5 —  and the inequalities

0<d; <2 arevalid for i =1,2,..., then the equilibrium p’ of (4.1) is uniformly asymptotically
stable.

Let V (1, p) =%(p — p")?. Then the set

Q, ={p e PC[[ty,0),(0,0)]: (p(s)-p ) <(p(t)-p' ), t-T<s<t,t =21y}
For t>t,, t #t; we have

D'V (&, p(t) = a(p(t)- p )a—bp(t)+c—dp(t -o(1))].
Since p" isan equilibrium of (4.1), then
DV, p(t) = a (p(0) - p - b(p(t) - pT)=d(plt—a(t) - p1)].
From the last relation for ¢ >¢, , t#¢; and p € Q; we obtain the estimate
DV (t,pt)<a [-b+d](p()-p") <-aB(p()-p*)*.
Also, if 0 <6; <2forall i=1,2,..., then
Vo, +0,pte,+0) = |1-8)pe)+ 5,0~ p']

=%(1—51-)2[p(r1-)—p*]2 <Vt p(t,)).

Since all conditions of Theorem 3.3 are satisfied then the equilibrium p° of (4.1) is
uniformly asymptotically stable.
If the constants 6; € R are such that §; <Oor J, > 2, then condition 2 of Theorem 3.3 is

not satisfied and we can not make any conclusion about the asymptotic stability of the
equilibrium p*.
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The example again demonstrates the utility of the second method of Lyapunov. The main
characteristic of the method is the introduction of a function, namely, Lyapunov function

which defines a generalized distance between p(¢) and the equilibrium value p* .

5. Conclusion
By means of piecewise continuous functions we give the conditions for uniform

asymptotic stability of the price p” . A technique is applied, based on certain minimal subsets

of a suitable space of piecewise continuous functions, by the elements of which the derivatives
of the piecewise continuous auxiliary functions of Lyapunov are estimated.

It is shown, also, that the role of impulses in changing the behavior of solutions of
impulsive models is very important.
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